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Introduction

Maria Silva , Joao Pereira1* 1

Transfer learning across chemical spaces is widely used in materials graph neural networks, yet its success declines
sharply as source and target domains diverge. This work frames that limitation in information-theoretic terms by
modeling chemical spaces as probability distributions over composition, structure, and properties. We identify mutual
information between source and target as the key determinant of transferability and derive a conceptual lower bound
on target error governed by source error, shared information, and irreducible noise. The analysis explains why transfer
succeeds under strong elemental and structural overlap but fails when chemical spaces are weakly aligned. It also
yields a practical criterion: assess domain overlap before fine-tuning. By establishing transferability as an information-
constrained problem, the study provides a principled basis for deciding when adaptation is justified in materials GNNs.

1

Transfer learning across chemical spaces is widely practiced: train on binary alloys, fine-tune on ternaries; train on
oxides, transfer to sulfides; train on low-entropy compounds, predict high-entropy alloys [1-4]. But is there a fundamental
limit to how much knowledge can transfer? This paper analyzes information-theoretic limits of transfer learning across
chemical spaces in materials GNNs. We derive a lower bound on target domain error in terms of source error and the
mutual information between source and target domains. The bound shows that when chemical spaces are too different,
transfer cannot succeed—regardless of model architecture or training algorithm.

The motivation is practical. Materials discovery pipelines increasingly rely on GNNs because they naturally encode atomic
graphs and respect physical symmetries [1, 2, 5-7]. Yet the combinatorial explosion of chemical space makes exhaustive
training impossible. Transfer learning therefore appears indispensable: pretrain once on a broad but tractable source
domain and adapt to countless target domains. Real-world examples abound. Chen et al. demonstrated that graph
networks trained on elemental and binary systems generalize to complex crystals when local environments overlap [1].
Batzner et al. showed that E(3)-equivariant GNNs achieve data efficiency precisely because equivariance encodes
transferable physical priors [2]. Schütt et al. further established that continuous-filter convolutions in SchNet learn
representations that partially transfer across element types [5].

Nevertheless, empirical reports reveal sharp performance drops once the target chemical space introduces new
elements, altered coordination preferences, or qualitatively different property landscapes [8]. These failures are routinely
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What Is Being Transferred?

attributed to “distribution shift” or “domain gap,” yet no rigorous quantification of the gap’s impact on fundamental limits
has been offered for materials GNNs. Classical domain-adaptation theory, pioneered by Mallillin [9] and Fang et al. [10],
provides upper bounds on target error under the assumption that source and target share the same feature space [11]. In
materials science the feature space itself changes: atomic numbers, electronegativities, and bonding preferences are
fundamentally different. Standard bounds therefore become vacuous or overly optimistic.

Information theory supplies the missing language. Mutual information directly measures how much knowledge about one
chemical space reduces uncertainty about another. When source and target chemical spaces share few elements and
dissimilar local environments, mutual information approaches zero and transfer becomes information-theoretically
impossible. The present work closes this gap by (i) defining chemical spaces rigorously as joint distributions over
composition, structure, and labels, (ii) relating domain divergence measures to mutual information via information
inequalities, and (iii) deriving the first lower bound tailored to materials GNN transfer.

Figure 1 provides a schematic overview of the information-theoretic architecture governing transferability limits across
chemical spaces in materials GNNs.

Figure 1. Information-Theoretic Architecture of Transferability Limits across Chemical Spaces in Materials GNNs

The bound is deliberately conceptual rather than fully rigorous, yet it captures the essential impossibility result: even with
infinite fine-tuning data and optimal hyperparameters, target error cannot fall below a floor set by source error, shared
mutual information, and irreducible noise. This result has immediate consequences for materials engineering. It explains
why transfer from 3d to 4d transition-metal oxides succeeds moderately while transfer from metals to ionic crystals fails. It
also cautions against indiscriminate use of large pretrained models when the target domain lies far outside the source
chemical manifold.

In materials GNNs, transfer operates not on raw numerical outputs but on latent representations that encode physically
grounded abstractions, constraining what can be meaningfully reused across domains. Transferability emerges when
chemical spaces exhibit sufficient overlap, enabling learned encodings of local atomic environments to persist across
systems with comparable topologies. Message-passing architectures internalize geometric descriptors such as bond
lengths, angular distributions, and coordination motifs in a manner that is largely insensitive to elemental identity, provided
structural equivalence is maintained [1, 5]. This invariance is reinforced in architectures such as SchNet and E(3)-GNNs,
where continuous-filter convolutions and equivariant operations impose rotational covariance, thereby facilitating
generalization across isostructural compounds [2, 5]. A related mechanism operates at the level of elemental
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Information-Theoretic Preliminaries

embeddings, where periodic trends induce structured similarities in representation space. Elements sharing valence-
electron configurations, such as Ti and Zr, occupy proximate regions in embedding space, encoding latent information
about electronegativity, ionic radius, and bonding behavior. This implicit regularization reduces the effective dimensionality
of the learning problem when source and target domains draw from overlapping regions of the periodic table [12]. Beyond
local and elemental structure, transfer extends to functional mappings between geometry and material properties.
Relationships governing energy, forces, and electronic structure reflect underlying physical laws, and when both domains
adhere to the same governing principles, these mappings retain approximate invariance [1, 13].

This coherence, however, is sharply bounded. Absolute energy scales diverge across element families due to differences
in nuclear charge and electron count, preventing direct reuse of learned formation energies between chemically distinct
systems such as oxides and sulfides. Structural statistics further destabilize transfer, as coordination environments shift
across domains, introducing distributions that deviate from those encountered during training. Such deviations become
particularly pronounced when new elements induce qualitatively distinct electronic regimes, rendering property
landscapes highly non-linear and composition-dependent in ways that resist extrapolation. Within this context, chemical
space can be formalized as a joint distribution over composition, graph structure, and target properties, where source and
target domains may share support yet differ in marginal distributions. The extent of overlap is governed by shared
elemental composition, similarity in local-environment statistics, and alignment in property scales, while divergence arises
from compositional shifts, altered coordination patterns, and rescaled energetic landscapes. Empirical studies
substantiate this formulation: transfer performance exhibits strong dependence on elemental and structural overlap [14,
15], degrades when local environments lose statistical equivalence across material classes [16], and remains contingent
on adequate pretraining coverage even in ostensibly unified models spanning the periodic table [12]. Framed in
information-theoretic terms, these observations converge on a common principle: transfer is confined to subspaces in
which mutual information between source and target domains remains non-zero.

Information theory offers a rigorous language for characterizing limits on knowledge transfer across chemical spaces by
formalizing the relationship between shared structure, irreducible uncertainty, and distributional mismatch. Mutual
information quantifies the extent to which knowledge of one domain reduces uncertainty in another, such that high values
indicate that observed structure–property relations in the source sharply constrain plausible configurations in the target,
reflecting overlap in elemental composition and local environments, whereas low values signal near-independence. This
relationship is intrinsically conditioned by irreducible uncertainty, captured through conditional entropy, which defines a
lower bound on predictive accuracy arising from factors endemic to materials modeling, including DFT functional
approximations, finite k-point sampling, thermal fluctuations, and quantum zero-point motion; under these conditions, no
model can surpass this error floor [17]. A related constraint emerges from domain divergence, where measures such as
the H-divergence or discrepancy distance quantify the separation between source and target distributions [9, 10], and,
through information-theoretic inequalities, imply an inverse relationship with mutual information such that increasing
divergence systematically reduces transferable signal. Within this framework, transferability is recast as a finite
informational resource: representations learned on the source encode only a bounded number of target-relevant bits, and
architectural capacity, including that of graph neural networks, cannot compensate for absent information [18, 19].
Empirical and theoretical results reinforce this perspective, with classifier-based two-sample tests detecting domain shifts
precisely as mutual information diminishes [20], and subsequent generalization bounds linking excess risk in transfer
learning directly to mutual information [21, 22], while further work connects divergence measures and conditional mutual
information to irreducible generalization error [23-25]. In materials discovery, this synthesis implies that chemical-space
divergence constitutes a fundamental bottleneck rather than a peripheral complication, as limited overlap in elemental
composition and local environments drives a collapse in mutual information, thereby imposing intrinsic limits on transfer
performance.



Silva et al. J. Comput. Data-Driven Mater. Eng. (2023) 2:25
Page 4 of 12

https://doi.org/10.68159/j743528385

A Lower Bound on Target Error
Proposition 1 (Information-Theoretic Limit on Transfer) Let h be any hypothesis (GNN) trained on source domain S. Let

source error be its error on S and target error its error on target domain T. Then, up to additive constants, 

Interpretation proceeds by examining regimes of mutual information:

· High overlap (same elements, isostructural compounds): mutual information large → lower bound close to source error.
Transfer can nearly preserve source performance.

· Medium overlap (same family, different row of periodic table): mutual information moderate → bound rises moderately
above source error. Transfer remains useful but imperfect.

· Low overlap (oxides to sulfides, 3d to 4d metals): mutual information small → subtraction term vanishes → lower bound
approaches source error plus noise floor. Transfer cannot succeed below this elevated floor.

· Near-zero overlap (metals to ionic crystals): mutual information near zero → bound becomes non-informative, correctly
signalling that target error can be arbitrarily large.

The corollary follows immediately: if source error is already high or mutual information is very low, no amount of fine-
tuning can produce small target error. This formalizes the empirical observation that pretraining on a poor source domain
is futile [10, 22].

The bound also clarifies the role of irreducible noise. Because conditional entropy appears positively, the target error
cannot be driven below the noise floor even when mutual information is maximal. This explains why DFT-level accuracy
sets a hard limit for all transferred models.

Table 1 introduces a regime-based theoretical classification that distinguishes when chemical-space overlap preserves a
meaningful transferable subspace and when the information bottleneck makes transfer structurally incapable of meeting
target accuracy demands.

Table 1. Transferability Regimes across Chemical Spaces: A Theoretical Classification of Overlap, Mutual Information,
and Expected Failure

Transfer
regime

Chemical-
space relation

between
source and

target

Expected
mutual

information

What remains
transferable

What breaks
down first

Theoretical
implication for

the lower
bound

Expected
practical
outcome

High-
overlap
transfer

Same or closely
related element

sets; similar
coordination

environments;
overlapping
structure–

High Local-
environment

representations,
elemental

embeddings,
approximate
structure–

Absolute
calibration may

still drift
because noise

and scale
mismatch

remain

Bound remains
close to source

error plus
irreducible noise

floor

Transfer is
justified and
can preserve

much of
source

performance
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Proof Sketch

property
manifolds

property
mappings

Moderate-
overlap
transfer

Same chemical
family or

neighboring
periodic groups;
partially similar
bonding logic;

some structural
mismatch

Moderate Part of the
learned

representation
space and some
periodic trends

Fine-grained
energy

relations, rare
local motifs, and

non-linear
composition

effects

Bound rises
above source
error by a non-
trivial margin

Transfer may
help, but
requires
careful

validation and
cannot be
assumed
reliable

Low-
overlap
transfer

New element
families, shifted

coordination
statistics,

different crystal
chemistry,

altered property
ranges

Low Only very weak
physical priors or
generic graph-

processing
regularities

Element-specific
embeddings,

local-
environment
statistics, and

source-
calibrated
structure–
property
relations

Information
subtraction term
becomes small,
so the target-

error floor
becomes
elevated

Fine-tuning is
likely inefficient

and often
inferior to

target-specific
training

Near-zero-
overlap
transfer

Chemically
discontinuous
domains such
as metallic to

ionic or strongly
dissimilar
bonding
regimes

Near zero Almost nothing
task-relevant

beyond generic
architecture bias

Nearly the full
transferred

representation
ceases to be

informative for
the target

Bound becomes
large or non-

actionably high,
certifying
practical

impossibility of
successful

transfer

Transfer
should be

rejected before
adaptation

effort begins

False-
positive
transfer
scenario

Superficial
overlap in

composition
labels but deep

mismatch in
local

environments or
property

mechanisms

Overestimated
if judged
naively

Apparent transfer
in early metrics

may reflect
dataset artifacts

rather than
genuine shared

structure

Generalization
collapses under
realistic target

evaluation

Estimated bound
becomes

misleading
unless overlap is

measured
structurally as

well as
compositionally

Pre-transfer
diagnostics

must include
both

compositional
and structural

similarity

High-
overlap

but poor-
source

scenario

Source and
target are

similar, but the
source model

itself is
inaccurate

Potentially
high

Shared
information exists
in principle, but
the transferred
hypothesis is

already flawed

Error floor
propagates from

source model
quality

Even strong
mutual

information
cannot

compensate for
large source

error

Good overlap
alone is

insufficient;
source fidelity
is a separate
gatekeeping

condition
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What the Bound Tells Us about Materials Transfer

Comparison with Other Bounds

The derivation begins from the classical domain-adaptation upper bound of Mallillin [9]. It relates domain divergence to
mutual information using information inequalities (larger divergence corresponds to smaller mutual information). The ideal
joint error is then lower-bounded by the conditional entropy because no hypothesis can beat the irreducible noise on
either domain.

Combining these relations and rearranging yields the target lower bound after dropping non-dominant constants. This is a
lower (impossibility) bound. It does not guarantee success when the right-hand side is small; it only certifies failure when
the right-hand side is large. In regimes where mutual information is demonstrably low, the bound proves that transfer
learning cannot succeed, irrespective of GNN depth, equivariance, or optimization procedure [6].

The conceptual lower bound on target error reframes transfer in graph neural networks as a constrained inference
problem, yielding implications that map directly onto materials-specific practice. A central consequence is that chemical
similarity becomes a prerequisite rather than a heuristic, as vanishing mutual information between source and target
renders transfer infeasible; this formalizes the observation of Reiser et al. that similarity governs transfer success [16],
since divergence in elemental composition or local environments collapses shared informational structure beyond
recovery through fine-tuning. This constraint is compounded by the quality of the source model itself, given that target
performance is intrinsically bounded below by source error; under these conditions, pre-training on an inaccurate source
is fundamentally unproductive, aligning with empirical findings by Hoffmann et al. while supplying a formal impossibility
result [14]. Beyond model-dependent factors, irreducible uncertainty imposes a further limit, as conditional entropy—
arising from DFT approximations and physical stochasticity—defines a noise floor that constrains both domains, thereby
accounting for the persistent discrepancy between machine learning predictions and experimental benchmarks even after
adaptation [13]. As domain divergence increases, a more subtle effect emerges in the progressive weakening of the
bound: diminishing mutual information introduces a regime in which transfer offers no advantage over uninformed
prediction, marking a phase boundary beyond which additional fine-tuning yields no expected improvement and remains
invariant to model capacity, reinforcing that architectural refinement alone cannot overcome information-theoretic
constraints [2, 5]. Taken together, this perspective shifts methodological emphasis toward ex ante evaluation, where
estimating mutual information and source error becomes decisive; when the implied lower bound exceeds the desired
target accuracy, transfer ceases to be a viable strategy.

The present lower bound stands in deliberate contrast to the classical upper bounds that dominate the literature. Mallillin
derived an upper bound on target error [9] that guarantees transfer can be no worse than source error plus divergence
plus joint error. Fang et al. tightened this using discrepancy distance [10], again providing an optimistic ceiling rather than
a floor. Both results are upper bounds: they tell the practitioner “you can achieve at least this good” under certain
assumptions, but they remain silent when transfer is impossible.

PAC-Bayesian transfer bounds [26, 27] similarly yield generalization guarantees yet remain upper bounds on excess risk.
Sample-complexity analyses for equivariant networks [2, 28] quantify how many target samples are needed for a given
error but again provide achievability statements, not impossibility statements.

The key distinction is epistemic direction. Upper bounds reassure when the right-hand side is small; the present lower
bound warns when the right-hand side is large. In materials GNN practice, upper bounds are often loose because they
ignore the changing feature space of chemical composition. A lower bound that certifies “transfer cannot succeed” is
therefore more actionable: it prevents wasted compute on doomed fine-tuning runs.
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Empirical Implications

Information-theoretic analyses in the broader machine-learning literature [17, 21-25] have derived related lower bounds
using divergence measures, yet none have specialized the argument to chemical-space distributions or to the graph-
structured inputs of materials GNNs. The present work fills that gap by grounding the mutual-information term explicitly in
elemental overlap and local-environment statistics.

Although derived in a theoretical setting, the lower bound yields empirically testable predictions that both rationalize prior
observations and delineate directions for targeted validation. A direct implication is that transfer from binary alloys to
quinary high-entropy alloys should incur elevated target error, as the introduction of additional elements and nonlinear
compositional interactions reduces mutual information; this aligns with evidence that pretraining on low-entropy binaries
offers only marginal gains for high-entropy systems [13]. A related regime arises in transfer from 3d to 4d transition-metal
oxides, where partial overlap in valence-electron structure sustains intermediate mutual information, leading to
performance that exceeds random initialization yet remains inferior to within-family transfer, consistent with emerging
results in 4d/5d GNN studies [14]. Beyond compositional effects, structural heterogeneity introduces a more severe
constraint: transferring across crystal systems, such as from cubic to triclinic, entails substantial divergence in local-
environment distributions, driving mutual information toward negligible levels and elevating the bound beyond practically
attainable accuracy [16]. Even under conditions of high elemental overlap, the dominance of source error persists, as
inaccuracies embedded in the source model—particularly those arising from imperfect DFT functionals—propagate
directly to the target, limiting achievable performance regardless of informational alignment [12]. These outcomes follow
directly from the bound and admit systematic verification through ablation strategies that estimate mutual-information
proxies, including element-level Jaccard indices and SOAP kernel distances, thereby establishing a foundation for
reproducible, theory-guided experimentation in materials informatics.

Practical guidance
The theoretical lower bound is not merely an abstract construct; it can be translated into concrete decision rules that
guide materials researchers in evaluating whether transfer learning is likely to be effective. In practice, transfer should
only be attempted when there is strong alignment between the source and target domains. This alignment is typically
reflected in substantial elemental overlap, which implies high mutual information between the two datasets and increases
the likelihood that learned representations remain relevant. Transfer is further justified when the predictive error achieved
on the source domain already satisfies or falls below the accuracy requirements of the target task, indicating that the
model possesses sufficient fidelity. Additionally, statistical similarity in local atomic environments—such as consistent
coordination preferences and comparable bond-length distributions—provides evidence that the structural patterns
learned from the source domain can generalize effectively.

Table 2 converts the theoretical lower bound into a pre-transfer decision matrix by aligning each term in the bound with
observable proxy diagnostics that can be evaluated before any costly fine-tuning run begins.

Table 2. Pre-Transfer Decision Matrix for Materials GNNs: Operational Proxies, Risk Signals, and Recommended Action
under the Information-Theoretic Bound

Decision
dimension

Operational proxy or
diagnostic

What a
favorable signal

looks like

What an
unfavorable
signal looks

like

Why it matters
theoretically

Recommended
action

Elemental
overlap

Jaccard overlap of
element sets; periodic-

family matching

Strong overlap in
element identities

Sparse overlap;
chemically

distant families

Elemental
similarity is one

direct contributor

Proceed only if
overlap is substantial
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or chemically
adjacent families

to positive mutual
information

or chemically
interpretable

Local-
environment

similarity

SOAP-kernel similarity;
neighbor-shell statistics;
bond-length distribution

comparison

Source and
target

environments
occupy

overlapping
structural

neighborhoods

Distinct
coordination
motifs, broad

geometry
mismatch,
different

structural priors

Mutual
information

depends not only
on composition

but also on
shared local

graph statistics

Abort transfer when
structural overlap is

weak even if
element overlap

appears acceptable

Property-
landscape

compatibility

Distribution comparison
of target labels or
physically related

surrogates

Comparable
ranges, trends,
and ordering

relations

Shifted scales,
non-

comparable
regimes, or

different
dominant

mechanisms

Shared
information

collapses when
the source

property manifold
does not

constrain the
target

Prefer target-specific
data collection when
property manifolds

are qualitatively
different

Source-
model fidelity

Source validation error
relative to target

accuracy requirement

Source error
already below or
near acceptable
target threshold

Source error
already too
high for the

intended target
application

The lower bound
inherits source
error directly

Reject transfer from
low-quality source
models even under
apparent domain

overlap

Domain
separability

Binary source-versus-
target classifier; MMD or

Wasserstein distance
over learned graph

representations

Poor separability
and small

discrepancy
indicate greater

overlap

Easy
separability and

large
discrepancy
indicate a

strong domain
gap

Strong
separability

signals limited
shared

information and
therefore a higher
target-error floor

Use as a fast
screening tool before

fine-tuning

Noise-floor
estimation

DFT uncertainty, label
inconsistency,

experimental variance,
functional sensitivity

Noise is
characterized

and compatible
with desired

accuracy

Noise is high,
unknown, or

dominates the
target task

Irreducible
uncertainty

enters the bound
positively and

cannot be
eliminated by

transfer

Avoid over-investing
in transfer when the
task is fundamentally

noise-limited

Bound-
based

feasibility
check

Qualitative estimate of  using
proxy measures

Estimated floor
remains below

the
application’s

tolerated error

Estimated floor
exceeds the
application’s

tolerated error

This is the direct
operationalization of
the paper’s central

proposition

Final
strategic
choice

Joint interpretation of all
diagnostics

Multiple favorable
indicators align

One or more
core indicators

fail

Transferability is
conjunctive rather
than guaranteed

by any single
metric

Either fine-tune,
redesign the source
domain, or train from

scratch
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Conclusion
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By contrast, transfer should be avoided when clear indicators of domain mismatch are present. Significant differences in
element families, such as those between 3d and 4d systems or between transition metals and main-group elements,
often correspond to fundamentally different electronic structures and bonding behaviors that cannot be reliably
transferred. Similarly, qualitative differences in structure types, including distinctions between FCC and BCC lattices or
between cubic and triclinic symmetries, suggest divergent underlying energy landscapes. Transfer is also inadvisable
when the source model exhibits high error, as this inaccuracy will propagate to the target domain, or when the noise level
in the target data is unknown or suspected to be large, which can obscure any potential benefit from transfer.

Crucially, these considerations can be evaluated without performing full retraining. Practical proxy measures provide
efficient estimates of domain similarity and mutual information. For instance, compositional overlap can be approximated
using the Jaccard index of element sets, while structural similarity can be assessed through average SOAP kernel
distances between source and target configurations. More sophisticated comparisons may involve computing maximum
mean discrepancy or Wasserstein distance over graph-based representations. A particularly informative diagnostic
consists of training a simple binary classifier to distinguish between source and target samples. If such a classifier fails to
achieve high accuracy—remaining below approximately 80%—this indicates that the domains are not easily separable,
implying low mutual information and limited transferability [20].

These procedures operationalize the theoretical framework: before initiating any fine-tuning effort, researchers should
estimate the right-hand side of the conceptual lower bound using proxy measures of mutual information and source error.
If the resulting predicted lower limit on target error exceeds the acceptable threshold for the application, it is more
effective to allocate resources toward generating new target-specific data rather than pursuing transfer [29]. Systematic
application of these pre-evaluation steps has the potential to eliminate a substantial fraction of unsuccessful transfer
attempts that continue to appear in the literature.

Transfer learning across chemical spaces in materials GNNs is subject to information-theoretic limits. The lower bound
derived in Section 4 demonstrates that target error cannot fall below a floor set by source performance, shared mutual
information, and irreducible noise. When source and target chemical spaces diverge—new elements, altered local
environments, shifted property landscapes—mutual information collapses and the bound rises, proving that transfer
cannot succeed regardless of architecture or optimization.

The analysis provides formal justification for the empirical requirement of material similarity and supplies practitioners with
an actionable criterion: estimate mutual information before any transfer attempt. Where mutual information is insufficient,
the theory recommends training from scratch rather than wasting compute on doomed adaptation. Future work should
focus on developing transfer methods that explicitly maximize mutual information and on tighter bounds that incorporate
graph-specific symmetries. By grounding materials GNN transfer in information theory, this work moves the field from
heuristic practice toward principled, limit-aware design.
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