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Abstract

Equivariant neural networks have emerged as a transformative paradigm in computational materials science and
molecular modeling, embedding rotational, translational, and permutational symmetries directly into the network
architecture rather than learning them from data.A rapid sequence of innovations—from Tensor Field Networks to
NequlP , MACE, Allegro, and the e3nn framework —has produced architectures that deliver state-of-the-art accuracy
in interatomic potential prediction while dramatically reducing data requirements compared with invariant or non-
symmetric baselines. This review synthesizes the architectural lineage of E(3)- and SE(3)-equivariant models
developed specifically for materials and molecular systems, critically examines the theoretical guarantees provided by
group and representation theory (universality, sample-complexity reduction, exact symmetry preservation, and
conservation-law compliance), and contrasts these guarantees with empirical outcomes reported on standard
atomistic benchmarks. Although equivariant networks provably approximate any continuous equivariant function and
enforce exact roto-translational symmetry by construction, their practical advantages are most pronounced in the low-
data regime and for vectorial properties such as forces. Limitations persist in composition-space extrapolation, long-
range interaction modeling, magnetic systems, and computational scaling for higher-order equivariance. By
systematically cataloguing these guarantees and gaps across 45 peer-reviewed contributions published 2017-2023,
the review identifies a clear disconnect between mathematical assurances derived under idealized assumptions and
the realities of finite datasets, complex material compositions, and large-scale simulations. The analysis concludes
with open questions on optimal equivariance order, multi-group symmetry handling, and rigorous generalization
bounds for continuous groups, offering a roadmap for future theoretical and practical advances in data-driven
materials engineering.
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Introduction

Equivariant neural networks have transformed materials machine learning by building symmetry constraints directly into
the architecture, achieving state-of-the-art accuracy with far fewer training examples than non-equivariant models [1-4].
By enforcing E(3) or SE(3) equivariance, these networks guarantee that predictions transform correctly under arbitrary
rotations and translations of the atomic coordinates, eliminating the need for data augmentation and reducing the
effective dimensionality of the hypothesis space. Thomas et al. introduced Tensor Field Networks [1], establishing the
foundational framework for rotation- and translation-equivariant processing of 3D point clouds using spherical harmonics
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and Clebsch-Gordan tensor products. Subsequent architectures rapidly extended this principle to graph-based message
passing, yielding practical force fields that scale to thousands of atoms [5-7]. Batzner et al. demonstrated with NequlP [2]
that E(3)-equivariant message-passing networks can match or exceed the accuracy of earlier invariant models such as
SchNet [8] while requiring up to an order of magnitude less data. Batatia et al. further advanced the field with MACE [3],
incorporating higher-order equivariant message passing inspired by atomic cluster expansions, while Musaelian et al.
introduced Allegro [9] as a strictly local, linearly scaling alternative. The open-source e3nn library by Geiger and Smidt
[10, 11] provided a modular Euclidean neural-network framework that underpins many of these developments, lowering
the barrier for materials-specific implementations.

The central question addressed in this review is not whether equivariant networks work—they demonstrably do—but what
they actually guarantee and where those guarantees diverge from observed performance. Theoretical results rooted in
group representation theory assert universality (any continuous equivariant function can be approximated), sample-
complexity reduction via symmetry, and exact preservation of physical symmetries [1, 12, 13]. Yet these proofs typically
assume infinite data, perfect optimization, and idealized interaction ranges. In practice, materials discovery involves
extrapolation across chemical compositions, finite cutoffs for long-range electrostatics and dispersion, and systems
exhibiting additional symmetries (e.g., time-reversal in magnetic materials) that E(3) equivariance does not capture [14,
15]. This review therefore examines the architectural innovations published between 2017 and 2023, synthesizes the
theoretical guarantees, and critically compares them against empirical benchmarks drawn exclusively from the cited
literature [2, 3, 8, 16-18]. We highlight systematic gaps—particularly in composition-space extrapolation and multi-
symmetry handling—and articulate unresolved questions that must be addressed if equivariant networks are to fulfill their
promise in autonomous materials design.

A Taxonomy of Equivariant Architectures

The development of equivariant neural networks for materials can be organized into five generations, each building on
advances in representation theory and message-passing schemes while addressing scalability limitations of its
predecessors.

Figure 1 maps the hierarchical architectural progression from invariant atomistic graph models to increasingly scalable
E(3)-equivariant frameworks, highlighting how each generation resolved a specific limitation of its predecessor while
narrowing the gap between theoretical symmetry guarantees and practical materials modeling performance.
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Figure 1. Hierarchical evolution of equivariant neural-network architectures for materials modeling (2017-2023): from
invariant baselines to scalable E(3)-equivariant force fields

The initial formulation of E(3)-equivariant learning in atomistic systems emerged with Tensor Field Networks, where
Thomas et al. established a constructive framework for encoding rotational symmetry in 3D point clouds [1]. This
architecture operationalizes equivariance through spherical harmonics to represent angular dependencies and Clebsch—
Gordan tensor products to propagate these features across layers, thereby enforcing symmetry preservation at every
stage of computation [19, 20]. The resulting formal rigor, however, imposes a substantial computational burden, as
exhaustive pairwise interactions necessitate repeated evaluation of high-order spherical harmonics and tensor
contractions, constraining applicability in large-scale regimes [21].

A subsequent shift toward adaptive representations is evident in the introduction of equivariant attention mechanisms
within SE(3)-Transformers, where Fuchs et al. replace static filter constructions with learned relational weighting [22-24].
This modification reconfigures the inductive bias from fixed geometric encoding to context-sensitive interaction modeling,
enhancing expressivity and practical scalability relative to tensor-field formulations. Nonetheless, the persistence of
guadratic complexity in global attention restricts deployment to moderately sized atomic systems, revealing a tension
between flexibility and computational tractability.

Scalability becomes more systematically addressed with the emergence of equivariant message-passing paradigms,
exemplified by NequlP, introduced by Batzner et al. [2, 5-7]. By constraining interactions to local neighborhoods defined
via cutoff radii, the model leverages irreducible representations and tensor-product operations to maintain equivariance
while achieving linear scaling with respect to system size. This locality-driven formulation not only mitigates computational
overhead but also preserves high predictive fidelity, positioning NequlP as a reference architecture for data-efficient
interatomic potential learning in extended systems.

The integration of higher-order correlations further refines this trajectory, as demonstrated by MACE, developed by
Batatia et al. [3, 4, 17, 25]. Drawing on atomic cluster expansion principles, the model incorporates equivariant
interactions up to fourth-order body terms, enabling a more compact and expressive representation of many-body effects
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than conventional pairwise message passing. This extension enhances force prediction accuracy and stabilizes training
dynamics while retaining the linear scaling properties essential for large-scale simulations.

An even stronger commitment to locality characterizes the design of Allegro, proposed by Musaelian et al. [9, 26], where
global message passing is eliminated altogether. Instead, atomic environments are processed independently through
localized tensor-product transformations, yielding strictly linear computational scaling and enabling molecular dynamics
simulations at previously inaccessible scales. This architectural decision foregrounds locality not merely as an efficiency
constraint but as a guiding principle for model design in high-throughput atomistic learning [27].

Underlying these developments, the e3nn framework introduced by Geiger and Smidt [10] has played a unifying role by
formalizing the implementation of equivariant operations within a modular and extensible software infrastructure. Its
standardized treatment of irreducible representations, tensor products, and spherical harmonics has facilitated rapid
iteration and convergence across model families, such that most post-2021 architectures in this domain implicitly inherit
both their representational toolkit and computational abstractions from e3nn [11].

Theoretical Guarantees: What Is Proven

Four core theoretical guarantees underpin equivariant neural networks for materials.

First, universality: Thomas et al. proved that equivariant networks using spherical harmonics and tensor products can
approximate any continuous equivariant function on 3D point clouds to arbitrary accuracy [1]. The proof relies on the
completeness of spherical harmonics as a basis for SO(3) representations and the ability of Clebsch-Gordan coefficients
to generate all higher-order tensors [19, 20]. Consequently, no fundamental representational limitation exists; any
physically symmetric mapping from atomic positions to scalar, vector, or tensor properties can, in the infinite-width limit,
be realized by an equivariant architecture [13].

Second, sample-complexity reduction: by restricting the hypothesis space to equivariant functions only, the number of
training examples required to achieve a given generalization error decreases roughly by a factor proportional to the order
of the symmetry group. Kondor and Trivedi formalized this insight for discrete groups and extended the reasoning to
continuous rotation groups in subsequent works [12, 23]. The practical implication for materials modeling is clear: when
the target property (energy, forces, stress) must respect E(3) symmetry, an equivariant model needs substantially fewer
labeled structures than a non-symmetric counterpart.

Third, exact symmetry preservation: because equivariance is enforced by construction (via irreps and tensor-product
layers), the network output transforms identically under any rotation or translation of the input [1, 10, 11]. No data
augmentation or post-processing is required, and the model extrapolates perfectly to arbitrarily oriented configurations
within the training distribution. This guarantee is particularly valuable for molecular-dynamics simulations, where rotated
or translated replicas of the same local environment must yield identically transformed forces.

Fourth, conservation laws: translation equivariance implies momentum conservation, while the construction of forces as
the negative gradient of a scalar energy prediction guarantees energy conservation [2, 5]. Batzner et al. explicitly
leveraged these properties in NequlP to produce stable, long-time molecular-dynamics trajectories without additional
constraints.

These guarantees rest on solid group-representation-theoretic foundations and have been reiterated across multiple
architectures [1-3, 7, 10, 28]. Yet the proofs operate under idealized assumptions—infinite data, perfect optimization, and
local interactions only—and therefore leave several critical aspects unaddressed.

Table 1 clarifies which theoretical guarantees are formally established, the assumptions under which they hold, and the
specific materials-modeling regimes where those guarantees weaken or cease to apply.
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Table 1. Alignment between formal theoretical guarantees and the practical operating conditions of equivariant neural
networks in materials modeling

Theoretical
guarantee

Universality

Sample-
complexity
reduction

Exact
symmetry
preservation

Conservation-
law
compliance

Formal
meaning in
equivariant

learning

The
architecture
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approximate
any
continuous
equivariant
mapping to
arbitrary
accuracy

Restricting
the
hypothesis
space to
symmetry-
consistent
functions
lowers the
amount of
data needed
toreach a
target error

Outputs

transform

correctly

under
rotations and
translations
by

construction

Translation-
equivariant
and energy-
derived
models
produce
physically
consistent

Mathematical
basis in the
review

Completeness of
spherical
harmonics and
tensor-product
constructions
over SO(3)/E(3)

Group-theoretic
reduction of
redundant
function space
under symmetry
constraints

Irreducible
representations,
tensor products,
equivariant layer

design

Forces defined
as gradients of
scalar energy;
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consistent
construction

Practical
value for
materials
modeling
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equivariant

models are not
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underpowered
for scalar,
vector, or

tensor targets
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low-data
performance
for force fields
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rotational data
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molecular-
dynamics
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physical
reliability of
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required for
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sufficient
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target function,
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optimization,
appropriate
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the encoded
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Where the
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practice
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spherical-

harmonic
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training
constraints
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datasets,
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electrostatics,
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settings, and
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compute
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Exact E(3)
handling is a
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but it is only one
part of the
symmetry
landscape in
materials
science

Stability gains
are real, but
only for the

subset of
physics
captured by the
model
formulation
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What Theoretical Guarantees Do Not Cover

Despite their mathematical elegance, the proven guarantees leave important practical regimes unaddressed.

Theoretical gaps in equivariant modeling

Despite their mathematical elegance, the proven guarantees leave important practical regimes unaddressed.
Theoretical Gaps in Equivariant Modeling

A central limitation arises in extrapolation across composition space, where existing universality and sample-complexity
results remain confined to interpolation within the training distribution [1, 12, 15]. When models encounter unseen
elemental combinations or concentrations, equivariance offers no formal guarantee of improved generalization, a
deficiency reflected in empirical evidence showing rapidly diminishing gains under such conditions [2, 3]. This limitation
becomes more pronounced when considering long-range interactions: prevailing architectures impose finite cutoffs for
message passing [2, 3, 9, 14], ensuring equivariance locally while excluding electrostatics and dispersion forces from the
theoretical framework. The underlying proofs assume compact support, leaving genuinely non-local potentials
unresolved. A related constraint emerges in computational complexity, as theoretical universality is agnostic to runtime,
yet higher-order equivariant constructions, particularly in MACE [3, 17, 27], introduce substantial per-atom cost without a
formal account of the trade-off between expressivity and efficiency. Beyond representational concerns, optimization
introduces further uncertainty, since convergence to the global optimum of the population risk—assumed in theory—is
rarely achieved in finite-data regimes, where stochastic gradient descent may yield suboptimal equivariant solutions [29].
The scope of symmetry itself remains incomplete, as E(3)-equivariant formulations do not encode time-reversal symmetry
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required for magnetic systems [10, 28], and no unified framework currently integrates multiple group actions. These
limitations delineate the boundaries of the existing theoretical apparatus rather than deficiencies of the models
themselves, clarifying where further conceptual development is required.

Empirical performance: Strengths and limits

Benchmark evidence reinforces this tension between theoretical promise and practical scope. Data efficiency emerges as
a consistent advantage, with NequlP achieving comparable force accuracy to SchNet using substantially fewer training
structures [2, 8], and MACE outperforming invariant baselines in small-data regimes [3, 7], aligning with predicted
sample-complexity reductions. This advantage extends to predictive accuracy, where equivariant models yield markedly
lower force errors—often by factors of two to five—translating into improved stability in molecular dynamics and more
reliable thermodynamic estimates [2, 3, 14, 30]. Yet this superiority attenuates when the task shifts toward composition
extrapolation: although equivariant architectures retain an edge over invariant counterparts [2, 3, 15], the margin narrows
considerably, indicating that symmetry alone cannot compensate for distributional shifts in chemical space. A similar
contraction appears at scale, where large datasets enable invariant models such as SchNet and CGCNN [8, 16, 31] to
approximate symmetry from data, reducing the practical benefit of explicit equivariance. These observations are further
qualified by limitations in benchmark design, which predominantly evaluate interpolation within homogeneous chemical
domains and underrepresent low-symmetry or disordered systems, thereby likely overstating real-world performance [26].

Critical assessment: Guarantees versus practice

The divergence between formal guarantees and empirical behavior underscores a deeper interpretive challenge. Sample-
complexity reductions derived from symmetry constraints hold qualitatively but deviate from their theoretical magnitude:
although group-theoretic arguments suggest substantial reductions proportional to group order [12], observed gains with
NequlP and MACE vary widely and remain significantly lower [2, 3, 18], indicating that optimization dynamics and dataset
structure dominate idealized bounds. Universality results, while mathematically definitive, offer limited practical guidance,
as their relevance depends on parameter efficiency under realistic constraints rather than asymptotic representational
capacity [1, 13]. Architectural choices—cutoff radii, harmonic degrees, and message-passing depth—ultimately govern
performance more directly than the existence of a universal approximator [1, 4, 10, 17, 25, 32]. Symmetry enforcement,
though eliminating the need for rotational data augmentation and guaranteeing invariance under Euclidean
transformations, addresses only a subset of physically relevant symmetries, leaving time-reversal and gauge
considerations unresolved [10, 23, 28, 33, 34]. This partial coverage becomes especially consequential in extrapolative
settings, where theoretical guarantees collapse and empirical improvements remain modest [1-3, 12]. The result is a
framework whose strengths are sharply localized: performance gains are most reliable when the assumptions of locality,
interpolation, and symmetry alignment hold, and increasingly contingent otherwise [2, 3, 9, 14].

Unresolved questions and research directions

Several unresolved questions follow directly from these constraints. The appropriate degree of equivariance remains
unclear, as higher-order interactions improve expressivity in models such as MACE [3, 17, 27] while incurring significant
computational overhead, yet no systematic characterization of the accuracy—cost trade-off exists across material classes.
This uncertainty extends to extrapolation, where group-theoretic arguments preclude guarantees beyond the training
manifold [1, 12], and current evidence suggests only limited empirical benefit [2, 3, 15], highlighting the absence of a
framework that incorporates chemical similarity into symmetry considerations. The integration of multiple symmetries
presents a further challenge, as existing architectures do not simultaneously enforce rotational, translational, time-
reversal, and gauge invariances [10, 23, 28, 34], despite their relevance in complex materials. At a more fundamental
level, sample-complexity theory for continuous groups such as SO(3) lacks a precise formulation, leaving quantitative
claims about data efficiency without rigorous bounds [12, 13]. Questions of transferability across system size remain
equally open: although models like Allegro achieve linear scaling [9, 26], systematic evidence for improved generalization
from small to large systems is limited, and the role of locality in such transfer remains ambiguous [2, 3]. Addressing these
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issues will require tighter integration between representation theory, computational modeling, and benchmark design,
where theoretical insight and empirical validation evolve in tandem [1, 10, 12].

Relation to Non-Equivariant Methods

Non-equivariant but invariant architectures such as SchNet and crystal graph convolutional neural networks rely on data
augmentation or learned filters to approximate symmetry [8, 16, 35, 36]. These models can achieve respectable accuracy
on scalar properties (energy, formation energy) when trained on large datasets, yet they require significantly more
examples to reach the same force accuracy as equivariant counterparts and fail to guarantee correct tensorial behavior
under rotations [2, 8, 37, 38]. Non-symmetric message-passing networks without any symmetry constraints demand even
larger datasets and exhibit poor extrapolation to rotated or translated structures [16, 39-42].

Hybrid approaches that combine an equivariant backbone with learned corrections have begun to appear in the literature,
offering a potential best-of-both-worlds strategy [29, 31]. The equivariant layers enforce exact symmetry for vectorial
properties while the correction terms capture subtle deviations that pure equivariant models might miss under finite data
[43, 44]. Early results with NequlP and MACE backbones suggest that such hybrids can retain data efficiency for forces
while improving flexibility for scalar properties [2, 3].

A key insight emerging from the 2017-2023 literature is the property-dependent utility of equivariance. For scalar
properties (energy, band gap, formation energy) invariance may be sufficient once the dataset is large enough for the
network to learn approximate symmetry [8, 16, 38]. For vectorial and tensorial properties (forces, stress, elasticity, dipole
moments) equivariance is essential because the network must output quantities that transform correctly under the full
E(3) group [1, 2, 5, 22, 45]. Consequently, the choice between equivariant, invariant, and hybrid architectures should be
driven by the target property rather than a blanket preference for symmetry enforcement [9, 10, 14].

Table 2 consolidates the manuscript’'s comparative argument into a practitioner-facing decision matrix that links target
property, data regime, scaling requirement, and symmetry demand to the most defensible model choice.

Table 2. Architecture-to-application decision matrix for selecting among invariant, equivariant, and local equivariant
models in materials machine learning

Modeling Dominant Data Symmetry Preferred Best Why this is Main tre
scenario scientific regime demand model family representative the strongest off or cal
objective examples choice
from the
review
Small-data Learn < 1,000 Very high; Equivariant NequlP, MACE Highest data More
force-field accurate structures forces must message- efficiency and expens
learning energies and transform passing strongest than inve
forces from correctly models empirical gains baselir
limited under E(3) for force
reference accuracy
calculations
Moderate- Maximize 1,000- High Higher-order MACE Better capture  Higher-c
scale high- force fidelity 100,000 equivariant of many-body  equivaric
accuracy and many-  structures architectures correlations increas
atomistic body and strong runtime

simulation expressivity memory
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Recommendations for Practitioners

For force-field development, equivariant architectures should be the default choice [14]. NequlP, MACE, and Allegro have
demonstrated consistent superiority on small-to-medium datasets typical of high-throughput materials screening [2, 3, 9,
26]. When training data are limited (<1 000 structures), the built-in symmetry constraints of these models provide the
largest gains in sample efficiency and force accuracy [2, 3, 18]. For very large datasets (>100 000 structures) the
advantage narrows, but equivariant models still deliver more stable molecular-dynamics trajectories because forces are
guaranteed to conserve energy and momentum [2].

For scalar property prediction (energy, formation energy, band gaps), invariant baselines such as SchNet or crystal graph
convolutional neural networks remain viable and computationally lighter when data are abundant [8, 16, 37, 38].
Equivariant models offer modest improvements but are not essential unless tensorial properties are also required [1, 22].

For benchmarking, the community should move beyond final test-set accuracy. Practitioners are encouraged to report
sample-efficiency curves (accuracy versus training-set size) rather than single-point metrics, to include explicit
composition-extrapolation splits, and to evaluate tensorial properties (forces, stress tensors, elastic constants) in addition
to scalars [2, 3, 8, 15]. Low-symmetry and disordered structures should be deliberately included in test sets to expose
limitations that ordered high-symmetry crystals may conceal [10, 30].

Implementation-wise, the e3nn library provides a robust starting point for custom architectures [10, 11]. When scaling to
large systems, Allegro’s strictly local formulation is preferable; when highest accuracy on moderate systems is needed,
MACE's higher-order features are recommended [3, 9, 26, 27]. In all cases, a finite cutoff radius should be chosen
carefully, and long-range corrections (electrostatics, dispersion) added post hoc because current equivariant guarantees
do not cover them [2, 3, 14].

Conclusion

Equivariant neural networks have transformed materials machine learning between 2017 and 2023. By embedding E(3)
symmetry directly into the architecture, Tensor Field Networks, NequlP, MACE, Allegro, and the e3nn framework have
delivered state-of-the-art interatomic potentials with dramatically improved data efficiency and exact roto-translational
invariance. The theoretical guarantees—universality, sample-complexity reduction, exact symmetry preservation, and
conservation-law compliance—are mathematically sound and rest on group representation theory. Empirical benchmarks
confirm these advantages most clearly in the low-data regime and for force prediction.

Nevertheless, the guarantees remain incomplete. They do not cover composition-space extrapolation, long-range
interactions, magnetic symmetries, or finite-data optimization. The literature reveals a persistent gap between provable
interpolation performance and the extrapolation demands of real-world materials discovery. Higher-order equivariance
brings expressivity gains at the cost of compute, and optimal trade-offs are still empirical rather than theoretically guided.

Future progress will require tighter integration of theory and practice: refined sample-complexity bounds for continuous
groups, unified multi-group symmetry frameworks, and systematic extrapolation benchmarks. For practitioners, the
message is clear—use equivariant models as the default for force fields and tensorial properties, fall back to invariant
baselines only for large-scale scalar predictions, and always test beyond interpolation. Equivariant neural networks are
not a panacea, but they represent the most principled advance in data-driven materials engineering to date. Continued
research on the open questions identified here will determine whether this paradigm can fully realize its promise for
autonomous materials design.
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