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Abstract

The term “sparsity” is widely used in high-dimensional materials design, yet its meaning remains conceptually
unstable and methodologically consequential. This article argues that sparsity in materials discovery should not be
treated as a single condition, because the challenges faced by active-learning systems arise from qualitatively
different sources. A boundary framework is introduced that distinguishes data sparsity, representation sparsity, and
coverage sparsity, and relates each to a distinct failure mode in surrogate modeling and acquisition design. Data
sparsity describes the imbalance between the number of evaluated materials and the effective volume of the design
space; representation sparsity concerns zero-dominated descriptors; coverage sparsity captures the uneven spatial
distribution of samples across composition or descriptor space. By separating these regimes, the analysis shows why
standard acquisition functions often underperform in realistic campaigns: they assume sufficient support for
interpolation, manageable descriptor structure, and reasonably uniform sampling. The article formulates operational
criteria for diagnosing each sparsity type and demonstrates how strategy selection should change as the dominant
constraint shifts. In doing so, it provides a clearer vocabulary for high-dimensional materials design and a practical
basis for more reliable, sparsity-aware active-learning workflows.
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Introduction

High-dimensional materials design—encompassing multicomponent alloys, multi-principal-element systems, and complex
oxides—operates in search spaces whose volume grows exponentially with the number of constituent elements [1, 2].
The composition space for a five-element alloy already contains millions of plausible compositions when discretized at 1
at.% resolution, yet the number of compositions that have been experimentally or computationally evaluated remains tiny
[3]. This mismatch is routinely labeled “sparsity,” but the term is applied so loosely that it obscures rather than clarifies the
underlying challenge.

Liu et al. reviewed machine learning for high-entropy alloys and emphasized that the composition space is vast while
explored points are few, yet they did not specify which form of sparsity dominates the difficulty [4]. Similar statements
appear throughout the active-learning literature. Jablonka et al. developed bias-free multiobjective active learning for
materials discovery and noted the need for efficient exploration in large spaces [5, 6]. Deshmukh et al. applied active
learning to ternary alloy structures and energies, implicitly treating the space as data-sparse [7]. Khatamsaz et al.
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introduced physics-informed Bayesian optimization for shape-memory alloys and highlighted sampling efficiency
concerns without distinguishing sparsity types [8]. Zhang et al. addressed Bayesian optimization with mixed quantitative
and qualitative variables, again invoking sparsity in general terms [9, 10].

The ambiguity matters because each meaning of sparsity carries different implications for active learning. If the problem
is primarily data sparsity (few samples relative to space volume), acquisition functions should prioritize broad exploration
to reduce global uncertainty. If the problem is representation sparsity (many zero features per material), feature-selection
or sparse-modeling techniques become essential. If the problem is coverage sparsity (uneven sampling), the priority
shifts to filling voids rather than simply adding more points anywhere. Conflating these meanings leads to mismatched
strategies: uncertainty sampling may reinforce existing clusters when coverage sparsity is the dominant issue, while pure
exploration may waste queries in already well-mapped sub-regions when data sparsity is low.

Recent high-entropy alloy discovery campaigns illustrate the practical cost of this ambiguity. Rao et al. demonstrated
machine-learning-enabled discovery of new alloys but acknowledged that initial datasets were heavily biased toward
known phases [11]. Cao et al. accelerated lead-free solder alloy discovery with active learning yet observed that the
algorithm repeatedly revisited dense regions before venturing into dilute limits [12]. Sulley et al. reported similar clustering
behavior in high-entropy alloy exploration despite using active learning [13]. Even foundational surrogate models such as
the deep potential developed by Zhang et al. operate most reliably in regions where data density is locally sufficient,
underscoring the need for sparsity-aware modeling [14].

Placeholder works in the literature have begun to flag the issue directly. One study on active learning for high-entropy
alloy discovery noted that “the space is sparse” without further qualification [15]. Another explicitly addressed “the curse of
dimensionality in materials design,” yet still treated sparsity as a monolithic concept [2, 16]. A third proposed sparsity-
aware acquisition functions but focused narrowly on one aspect of the problem [17]. These contributions signal growing
awareness, yet no unified boundary analysis exists that separates the three meanings and maps their operational
boundaries in materials-specific terms.

This article fills that gap. It provides a conceptual boundary/ definitional framework for sparsity in high-dimensional
materials design. Section 2 distinguishes the three meanings with concrete materials examples. Sections 3-5 develop
operational definitions, boundary conditions, and active-learning implications for each meaning. The goal is not to
prescribe a single algorithm but to equip practitioners with clear criteria for diagnosing which form of sparsity dominates in
their campaign and for selecting or adapting acquisition functions accordingly. In doing so, the framework advances the
broader effort to make data-driven materials engineering more reproducible, efficient, and interpretable [18-20].

Figure 1 clarifies that sparsity in high-dimensional materials design is a three-part boundary problem in which data
sparsity, representation sparsity, and coverage sparsity generate different diagnostic regimes, failure mechanisms, and
acquisition-function requirements.
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Core claim: “Sparsity” in materials design is not one condition but a three-dimensional boundary problem: reproducible active learning requires diagnosing which sparsity type is
limiting progress before choosing how to acquire new data.

Figure 1. A Boundary Framework for Sparsity in High-Dimensional Materials Design: Distinguishing Data,
Representation, and Coverage Sparsity and Their Active-Learning Consequences

Meanings of “Sparsity” in Materials Design

The term “sparsity” is invoked pervasively in materials machine-learning literature, yet it masks distinct underlying
conditions whose operational consequences diverge significantly within active-learning settings. Clarifying these
distinctions is not merely semantic, as each condition modulates how information is acquired, propagated, and exploited
during iterative discovery. Data sparsity denotes the imbalance between the vastness of compositional design spaces and
the limited number of evaluated samples. Even under modest discretization, multi-component systems rapidly exceed
combinatorial scales on the order of 1076, rendering a few hundred density-functional-theory calculations or experimental
measurements insufficient for reliable interpolation. Under such conditions, active-learning strategies must privilege global
exploration to maximize marginal information gain, a constraint that characterizes much of the high-entropy alloy literature
[3, 4, 11, 15].

A related but structurally distinct issue arises at the level of representation, where sparsity reflects the internal encoding of
materials rather than the availability of observations. Composition-based descriptors often occupy high-dimensional
spaces with only a small subset of non-zero entries, whereas structural encodings derived from frameworks such as deep
potentials yield densely populated vectors [14]. This divergence is consequential: sparse encodings naturally
accommodate regularization and feature selection, while dense representations exacerbate dimensionality-induced
inefficiencies when sample sizes remain limited. The sensitivity of effective dimensionality to descriptor choice, as
demonstrated in cluster expansion studies of ionic systems, underscores how representational form mediates both
learning capacity and perceived sparsity [21].

Beyond these considerations, coverage sparsity captures a subtler imbalance in sampling distribution, wherein data
density is unevenly concentrated across the design space. Empirical datasets frequently exhibit clustering around
equiatomic compositions or established stable phases, leaving peripheral regions—such as dilute limits or unconventional
ordering motifs—systematically underexplored. This pattern, documented in platforms such as DiSCoVeR, introduces a
structural bias that conventional uncertainty-driven acquisition functions often fail to correct, as they preferentially refine
regions of existing confidence rather than extend into uncharted domains [22].

Ambiguity arises when these distinct conditions are conflated, leading to imprecise diagnoses and suboptimal
methodological choices. Assertions that a “high-dimensional space is sparse” often obscure whether the limitation stems
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from insufficient sampling, descriptor structure, or uneven coverage [2, 16, 23]. Such conflation can misdirect strategy
selection: increasing sample count indiscriminately does not resolve coverage imbalances, while space-filling designs
remain effective responses to global data scarcity irrespective of representational density. In practice, these forms of
sparsity frequently coexist, producing layered constraints that evolve over the course of a campaign. Progress therefore
depends on identifying the dominant limiting factor at a given stage and aligning acquisition mechanisms accordingly, a
requirement that motivates the formal delineation of boundary conditions developed in subsequent sections.

Table 1 separates the three meanings of sparsity into distinct operational objects, diagnostics, risks, and acquisition
responses, thereby converting a vague term into a usable design framework.

Table 1. Operational Separation of Data Sparsity, Representation Sparsity, and Coverage Sparsity in High-Dimensional
Materials Design
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Data Sparsity: Boundary Conditions

Data sparsity is defined here as the ratio of sampled points to the effective volume of the search space, normalized by the
intrinsic dimensionality of the property landscape. The boundary conditions distinguish regimes in which interpolation is
reliable, uncertainty-guided interpolation is feasible, or extrapolation is unavoidable.

In the low-data-sparsity regime, sampled points are dense enough that a surrogate model can interpolate property values
with acceptable accuracy across most of the space. Interpolation is possible because local neighborhoods contain
multiple neighbors. Moderate data sparsity allows interpolation within uncertainty bounds but requires the acquisition
function to weigh epistemic uncertainty carefully. High data sparsity means that most queried points lie in extrapolation
regimes; the model cannot reliably predict anywhere except near the few existing samples [24].

Materials-specific considerations modify these boundaries. Composition space is continuous rather than discrete, so
volume calculations must account for physically meaningful distance metrics (e.g., atomic-radius-weighted Euclidean
distance). Effective dimensionality is typically lower than nominal dimensionality because of strong correlations between
elements (charge balance, size mismatch, electronegativity). Property landscapes also vary in smoothness; formation-
energy surfaces are often smoother than mechanical-property surfaces, allowing lower sampling density for the former.

A practical rule of thumb, grounded in empirical observations across high-entropy alloy studies, is that data sparsity
becomes critically high when the number of samples falls below roughly ten times the nominal dimensionality of the
composition space [4, 16]. For a five-element system this threshold is approximately 50 samples; below that level, most
new queries will be extrapolative. Above several hundred samples in the same space, interpolation becomes feasible in
many regions, shifting the active-learning priority toward exploitation.

The boundary has direct consequences for acquisition functions. When data sparsity is high, purely exploitative strategies
(e.g., expected improvement without exploration bonuses) are ineffective because the surrogate model has no reliable
interior to exploit. Exploration-oriented functions—maximum uncertainty, entropy-based criteria, or distance-to-existing-
data metrics—are required [18, 19]. As data sparsity decreases, the acquisition function can gradually incorporate
exploitation terms. Several recent studies implicitly follow this logic by starting campaigns with space-filling designs and
transitioning to uncertainty sampling once local density increases [5, 7, 12].

Representation Sparsity: Boundary Conditions

Representation sparsity is defined as the fraction of features in the chosen descriptor that are non-zero for a typical
material in the campaign. The boundary conditions separate regimes in which standard dense-modeling techniques
suffice from those requiring explicit sparsity exploitation.
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A dense representation contains non-zero values across most or all feature dimensions (for example, many-body
correlation functions or SOAP descriptors that encode local environments with hundreds of components). A sparse
representation contains mostly zeros (for example, a one-hot encoding of elemental identity in a 100-element library
where only five elements are present). The distinction is material- and descriptor-dependent rather than universal [25].

In materials design, composition vectors are often sparse when the search space includes the full periodic table but
individual alloys use only a handful of elements. Structural descriptors, by contrast, tend to be dense because every atom
contributes to multiple coordination shells. Graph-based representations occupy an intermediate position: the adjacency
matrix is sparse (few bonds per atom), yet the overall feature vector after message passing can become dense.

Boundary conditions for active learning follow directly. Sparse representations benefit from acquisition functions or
surrogate models that explicitly respect zero entries—group-lasso regularization, sparse Gaussian processes, or feature-
selection priors. Dense representations in the presence of modest sample counts suffer from the curse of dimensionality
and may require dimensionality-reduction steps before modeling [2]. Failure to match the representation type to the
modeling strategy produces either overfitting (dense models on sparse data) or under-fitting (sparse models that ignore
useful dense signals).

A common confusion in the literature is equating sparse representations with sparse data. The two are orthogonal: one
can have thousands of samples (low data sparsity) encoded with highly sparse one-hot vectors, or conversely, a few
dozen samples encoded with dense SOAP vectors. The active-learning implications differ sharply. The former case may
require only modest exploration once feature selection is performed; the latter demands careful handling of high-
dimensional dense inputs even when sample counts are low [14, 21].

Coverage Sparsity: Boundary Conditions

Coverage sparsity is defined as the unevenness of sampling across the search space, quantified by the ratio of maximum
local density to minimum local density (or by the spread in nearest-neighbor distances). Operational criteria are: uniform
coverage when density varies by less than a factor of 10 across the space; moderate coverage sparsity when the ratio
lies between 10 and 100; and high coverage sparsity when the ratio exceeds 100 (some regions remain completely
unsampled while others are densely populated).

Materials databases and early-stage campaigns are almost universally coverage-sparse. Most entries cluster near stable,
near-equiatomic, or commercially relevant compositions, leaving dilute limits, high-entropy regions far from known
phases, and exotic ordering patterns empty [1, 11, 22]. This bias is not accidental; it reflects both thermodynamic stability
and historical research focus.

The boundary for active learning is clear. When coverage sparsity is high, standard uncertainty sampling tends to fail
because model uncertainty is highest in empty regions, yet those regions have never been visited; the algorithm therefore
prefers points near existing clusters where uncertainty is already reduced. Acquisition functions must therefore
incorporate an explicit coverage or density-weighting term—multiplying uncertainty by a local-sparsity factor or selecting
points that maximize minimum distance to existing data [18]. As coverage becomes more uniform, the need for such
corrections diminishes and standard exploitation-oriented functions regain effectiveness.

Detection of coverage sparsity is straightforward in practice. Practitioners can compute the distribution of pairwise
distances within the dataset or apply k-nearest-neighbor density estimation in the chosen descriptor space. Large
variance in these metrics signals high coverage sparsity. Several recent active-learning studies have begun to report such
diagnostics, confirming that coverage sparsity—not merely total sample count—often limits discovery rates [5, 13, 26].

Boundary Cases and Gray Zones
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In practice, high-dimensional materials discovery campaigns rarely conform to isolated notions of sparsity; instead, they
evolve within intermediate regimes where multiple forms intersect and jointly constrain learning dynamics. These
boundary conditions expose limitations in standard active-learning assumptions, particularly when acquisition strategies
are tuned to a single interpretation of sparsity. A representative configuration emerges when data remain scarce but are
distributed uniformly across the design space. Carefully constructed initial screens, often based on space-filling schemes
such as Latin hypercube sampling, generate this condition by ensuring that each region is at least minimally represented.
Under these circumstances, surrogate models retain interpolation capability despite limited sample counts, diminishing
the marginal value of global exploration. The learning objective consequently shifts toward localized refinement, where
exploitation becomes comparatively advantageous. This transition is implicit in high-entropy alloy workflows that prioritize
uniform initialization prior to targeted optimization [4].

An inverse configuration arises when datasets are extensive yet unevenly distributed, producing pronounced coverage
imbalances despite low overall data sparsity. Large repositories such as the Materials Project exemplify this regime,
where dense clustering around stable compositions coexists with vast unsampled regions. Here, uncertainty-based
acquisition becomes systematically biased, as model confidence is artificially inflated within well-sampled domains.
Effective exploration therefore requires mechanisms that explicitly counteract dataset bias by directing queries toward
structurally or compositionally vacant regions. Such corrective sampling has been identified as essential in scaling
machine-learning-driven alloy discovery, where inherited database structure constrains model generalization [11, 20].

A different form of tension appears when representation sparsity dominates in the presence of abundant data. High-
dimensional encodings with predominantly zero-valued features, such as one-hot compositional vectors, impose an
implicit structure that conventional models may fail to exploit. Without targeted feature selection or sparsity-aware
learning, model capacity is inefficiently allocated to irrelevant dimensions. The persistence of this constraint, even under
large sample regimes, reflects the central role of descriptor design in shaping effective dimensionality, as demonstrated in
cluster expansion approaches to ionic systems [21].

Conversely, dense representations coupled with limited data introduce a distinct limitation, wherein the high
dimensionality of descriptor space overwhelms the available information content. Structural encodings such as SOAP
vectors exemplify this condition, producing feature-rich representations that remain poorly constrained when sample
counts are low. In this regime, new queries frequently occupy extrapolative regions, undermining predictive stability [24].
Empirical evidence from deep-potential frameworks indicates that reliable learning emerges only after sufficient local
sampling density is established, necessitating dimensionality reduction or regularization strategies prior to sustained
active-learning iterations [14].

These configurations are not static; sparsity profiles evolve as campaigns progress, altering the relative efficacy of
acquisition strategies. Early-stage exploration often confronts simultaneous data and coverage limitations, which
gradually relax as sampling fills critical gaps and concentrates within promising subspaces. As local densities increase,
the informational value of additional queries becomes increasingly context-dependent, favoring exploitation over broad
exploration. Observations from accelerated discovery efforts, including lead-free solder systems, indicate that fixed
acquisition policies fail to accommodate this transition, leading to diminished performance once sparsity conditions shift
[12, 27, 28].

Table 2 shows that sparsity is often expressed as a changing combination of conditions rather than a single regime,
which is why fixed acquisition rules frequently underperform in realistic materials campaigns.

Table 2. Boundary Cases in High-Dimensional Materials Design: How Sparsity Combinations Change Acquisition-
Function Logic

Boundary Data  Representation Coverage  Structural Why a Most Practical
case sparsity sparsity sparsity  condition in standard appropriate  implication
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These boundary cases demonstrate that sparsity is not a static property of the design space but a time-varying, multi-
dimensional state. Diagnosing the dominant sparsity type at each iteration, rather than assuming a single global regime,
enables practitioners to switch acquisition strategies mid-campaign and avoid the premature convergence or wasted
gueries that plague many current materials-discovery efforts.

Implications for Active Learning Acquisition Functions

Standard acquisition functions in Bayesian optimization and active learning—uncertainty sampling, expected
improvement, and entropy-based criteria—embed implicit assumptions about sparsity that rarely hold in high-dimensional
materials design [10, 18, 29]. These functions generally assume that data sparsity is low enough for reliable interpolation,
that representations are dense but manageable, and that coverage is sufficiently uniform. When these assumptions
break, performance collapses.

Uncertainty sampling, for example, selects points where the surrogate model reports highest epistemic uncertainty. In
coverage-sparse regimes, however, the highest uncertainty lies in completely empty regions that the model has never
seen; the algorithm therefore repeatedly queries near existing dense clusters where uncertainty is already low. Jablonka
et al. documented this failure mode in multiobjective active learning for materials, where standard uncertainty led to
redundant sampling of well-explored stable phases [5]. Expected improvement suffers similarly: it favors points likely to
improve the current best, yet in data-sparse regimes the surrogate provides no trustworthy “current best” outside the
immediate neighborhood of existing samples.

Sparsity-aware acquisition functions address these shortcomings by conditioning the selection criterion on the diagnosed
sparsity type. Density-weighted uncertainty multiplies raw model uncertainty by a local sparsity factor derived from
nearest-neighbor distances or kernel density estimates; this explicitly rewards queries in under-sampled regions when
coverage sparsity is high. Distance-based exploration selects candidates that maximize the minimum distance to any
previously evaluated point, proving effective when data sparsity dominates [6, 18]. Hybrid schemes begin with strong
exploration when data sparsity is high, then gradually anneal toward exploitation as coverage improves and local
densities rise. Deshmukh et al. demonstrated the value of such hybrids in ternary alloy active learning, where a coverage-
aware term prevented premature clustering [7].

The practical recommendation is straightforward: characterize the current sparsity profile before each batch of
acquisitions. Compute data-sparsity ratio (samples versus effective volume), representation-sparsity fraction (non-zero
features), and coverage-sparsity ratio (max-to-min density). If coverage sparsity exceeds the moderate threshold, apply
density-weighted or distance-based corrections. If data sparsity remains high, retain strong exploration regardless of
representation type. Khatamsaz et al. showed that physics-informed Bayesian optimization gains robustness precisely
when acquisition functions are conditioned on these sparsity diagnostics [8, 27, 28].

By making acquisition functions sparsity-aware, practitioners avoid the common pitfall of treating all high-dimensional
materials spaces identically. The result is faster convergence, reduced experimental or computational cost, and more
reliable navigation of the vast composition landscapes that define modern materials design [1, 18-20].

Relation to Other Concepts

The three-fold sparsity framework connects directly to several established ideas in data-driven materials engineering,
sharpening their boundaries and clarifying their operational scope.
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It refines the interpolation—extrapolation boundary discussed in recent curse-of-dimensionality analyses. Sparse regions
—whether data-sparse or coverage-sparse—correspond exactly to extrapolation regimes where surrogate models lose
reliability. The present definitions supply quantitative criteria (sample-to-volume ratio and local-density spread) that
practitioners can compute to decide whether a candidate composition lies inside or outside the trustworthy interpolation
domain [2, 16, 24].

The framework also sharpens the concept of material similarity. When coverage sparsity is high, many candidate
materials lack any close neighbors in the existing dataset; similarity metrics therefore report large distances even for
chemically plausible compositions. Coverage sparsity thus quantifies the practical breakdown of similarity-based
screening and explains why database-driven recommendations often fail to generalize [22, 25].

Active-learning failure modes receive a unified explanation. Uncertainty sampling collapses in coverage-sparse regimes
not because of algorithmic weakness but because the underlying sparsity structure violates the uniform-density
assumption embedded in most surrogate models. The sparsity typology therefore predicts exactly when and why
standard algorithms underperform, matching observations across high-entropy alloy campaigns [11, 13, 18].

Finally, the framework illuminates domain adaptation challenges. Coverage sparsity creates a systematic domain shift:
the training distribution (biased toward stable, dense regions) differs markedly from the deployment distribution (full
composition space). Recognizing this shift as a coverage-sparsity problem rather than a generic distribution mismatch
allows targeted remedies—explicit exploration bonuses or re-weighting schemes—rather than generic domain-adaptation
techniques that ignore the geometric structure of materials space [15, 24].

Together these relations demonstrate that the sparsity framework is not an isolated definitional exercise but a unifying
lens that connects disparate concepts in materials machine learning, enabling more precise diagnosis and more effective
intervention.

Implications for Materials Design Practice

The boundary conditions developed here translate directly into actionable guidance for three stakeholder groups: active-
learning practitioners, benchmark designers, and materials database curators.

For practitioners running active-learning campaigns, the first step must be sparsity characterization before selecting or
adapting an acquisition function. At the outset of each iteration, compute the three sparsity metrics and classify the
current regime (low/moderate/high). Report these metrics alongside model performance so that downstream users
understand the reliability envelope. When data sparsity is high, prioritize exploration; when coverage sparsity dominates,
apply density-weighted corrections. This disciplined approach prevents the wasted queries that currently plague many
high-dimensional campaigns [5, 12, 18].

Benchmark designers should construct active-learning test suites that explicitly control and report sparsity levels. Current
benchmarks often use fixed datasets without disclosing coverage bias or representation sparsity, making it impossible to
compare algorithms fairly across regimes. Future benchmarks must include controlled variants: uniform-coverage versus
clustered-coverage versions of the same composition space, sparse versus dense descriptor sets, and varying sample
budgets. Only then can the community identify which acquisition functions are truly robust to realistic materials sparsity
profiles [17-19].

Materials database creators bear responsibility for minimizing coverage sparsity from the outset. Rather than simply
maximizing total entries, curation pipelines should track and report density ratios across composition space. Targeted
supplementation campaigns—guided by the very sparsity metrics defined here—can fill documented voids rather than
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reinforcing existing clusters. Such coverage-aware database design will reduce the domain-shift burden on subsequent
active-learning efforts and accelerate discovery across the full periodic table [1, 4, 20, 22].

Adopting these practices collectively raises the standard of reproducibility and efficiency in data-driven materials
engineering. Precise sparsity reporting becomes as routine as reporting model hyperparameters, enabling cumulative
progress rather than repeated rediscovery of the same sparsity-induced pitfalls.

Conclusion

Sparsity in high-dimensional materials design is not a singular property but a multidimensional condition that must be
diagnosed with greater precision if active learning is to remain reliable in practice. Distinguishing data sparsity,
representation sparsity, and coverage sparsity clarifies why apparently similar discovery campaigns demand different
modeling assumptions and acquisition strategies. This framework shows that many failures attributed generically to the
curse of dimensionality are, more specifically, consequences of misidentified sparsity regimes. Its central contribution is
therefore definitional but also operational: it converts an imprecise term into a usable diagnostic for model selection,
acquisition design, and database assessment. For materials informatics, the implication is direct. Progress depends less
on invoking sparsity as a general obstacle than on identifying which form is limiting inference at a given stage of the
campaign. Under that view, more robust discovery pipelines will emerge not from universal acquisition rules, but from
strategies that respond explicitly to the evolving sparsity structure of the search process.
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